Superdirective antennas developed over the last century have received renewed interest in recent years from the development of metamaterials. these arrays of electromagnetic resonators (or meta-atoms) carrying short wavelength electro-and/or magneto-inductive waves support current distributions with very high spatial frequency as required by the classical conditions for superdirectivity. As meta-atoms can have both electric and magnetic dipole characteristics (and hence radiation properties), developing antennas exploiting these distributions can challenge conventional intuitions regarding the optimal configurations required. In this work we are reporting the development of a genuinely superdirective array using split ring resonators (SRRs). We provide a comprehensive analytical model characterizing the radiation from SRR dimers in which excitation of only one split ring leads to superdirective radiation via mutually coupled modes. our model exploits simple circuit descriptions of coupled resonant circuits, combined with standard radiation formulae for curvilinear current distributions. Using this simple model we are able to map directivity against possible SRR locations and orientations in two dimensions and identify the unique optimal configuration which meets the requirements for superdirective emission. We validate the theoretical findings by comparison to both full wave simulations and experiments showing that our SRR dimer achieves endfire directivity very close to the maximum theoretical value.
Discussion
Whilst directivity in a phased array arises from the constructive interference of multiple sources signals, in superdirective emission one relies on destructive interference to cancel radiation in all but a small subset of the available directions. When aiming at superdiretivity in the endfire directions, the currents in a linear array of N dipoles must have a near-binomial distribution with the phases of adjacent elements being almost 180 degrees apart. This yields directivity proportional to N 2 rather than just N as with a conventional phased array. For the case of a two-dipole array the maximum directivity of the phased-array is  . D 3 5, which is achieved at an inter-element spacing λ  d /3, where λ denotes the free space wavelength; instead, the upper theoretical limit of directivity of a two dipole superdirective array is D = 5.25, which however is obtained for out-of-phase excitation of the dipoles in the limit of vanishing inter-element spacing (see Section S1 in the Supplementary Information). One of the main difficulties in achieving superdirectivity is indeed in the realization of such a current distribution varying fast on the scale of the free space wavelength. The meta-atom array candidate for superdirectivity, shown in Fig. 1(a,b) , consists of two identical coplanar singly split ring resonators positioned along the x axis with their axes pointed along the z direction. They are separated by a distance d but each is rotated about the z axis at an arbitrary angle ϕ g i , , i = 1,2, with respect to the array axis. A few illustrative examples of dimer configurations corresponding to specific pairs of ( , ) g g ,1
,2
ϕ ϕ values are displayed in Fig. 1(c) . Instead of independently exciting each of the SRRs, the desired phase and amplitude relationship within the dimer is achieved by driving only one of the rings with an external source and relying on the coupling between the rings. In particular, the underlying mechanism is similar to the propagation of magneto-inductive (MI) waves, which are slow waves propagating on metamaterials comprising magnetically coupled elements such as SRRs 25, 26 . Slow waves have very short wavelengths as compared to equal frequency light in free space so that excitation of slow waves makes the creation of a high spatial frequency current variation quite simple: they are provided by the standing slow waves in a finite structure. There is however an important difference with respect to standard MI waves in the quasi-static regime: since the meta-dimer is supposed to be formed with self-resonant SRR elements, currents along the rings are expected to be non-homogenous and significant charge densities will accumulate in the region of each gap. It is in fact well known that at the fundamental resonance SRRs with an odd number of gaps always exhibit overlapping in-plane electric and out-of-plane magnetic dipole responses 31, 32 . As a consequence, the SRRs will be coupled through both their electric and magnetic fields. The coupling strength is generally quantified by means of a total coupling coefficient T κ , whose definition is linked to the exchange of magnetic and electric energies between the resonators. As shown in 33, 34 , the total coupling may be dominated by either its electric or magnetic part, depending on the relative orientation of the SRRs, and the overall coupling coefficient κ T is generally bound to be complex due non-negligible retardation effects which arise as a result of the sizes of the resonators and the distance between them being in the order of λ/6-λ/5.
The coupling between two SRRs arranged in an arbitrary configuration has been studied with different approaches. The interaction energies have been determined, for example, using Lagrange's equation of motion 35, 36 and in terms of the coupling of the in-plane electrical and the out-of-plane magnetic dipole moments associated with an SRR 31, 37 . Circuit models have also been developed to qualitatively and quantitatively analyse SRRs and their coupling 34, 38 . Moreover, based on a coupled mode formalism, general expressions for the coupling coefficient κ T valid for both conducting and dielectric resonators have been derived that make it possible to estimate the frequencies and fields of the coupled modes for arbitrarily oriented and spaced resonators [39] [40] [41] . These approaches enable the calculation of the characteristic parameters of a coupled system; in principle, they could be used to tailor the coupling and quality factor Q of the two SRR elements forming a meta-dimer to realize the array excitation prescribed for superdirectivity, given that these latter requirements can be translated into equivalent conditions on T κ and Q, as anticipated in 20, 22 and discussed in detail in 28 . However, if engineering the inter-element coupling is crucial to the design of a superdirective meta-dimer, this would actually suffice achieving superdirectivity only for dimers formed by simple dipole radiators. As recalled in the Introduction, in an SRR plane. The red shading indicates the ring which is assumed to be directly driven by an external source.
both electric and magnetic dipole resonance modes contribute to radiation, and since SRRs are usually not highly symmetric, the relative orientation of particles can also be of crucial importance. This effect is not completely addressed by existing theoretical models and can give rise to unexpected results. To clarify these aspects, we qualitatively examine the current and charge distributions in the sample dimer formed by two SRRs with the gaps facing each other, as shown in Fig. 2 . In this configuration, which is referred to as "near" 33, 34 , coupling is strong, predominantly electric and "real", since the close proximity of the dominant charges minimises the effects of retardation 34 . The dimer, being a system of two coupled resonators, exhibits two resonances, whose frequencies are split as an effect of coupling. Figure 2 (a) shows that at the electrically anti-symmetric resonance, the anti-symmetric distribution of charges correspond to surface currents in the two SRRs that circulate in the same direction (symmetric). At the electrically symmetric resonance of Fig. 2(b) , distribution of charges is symmetric while surface currents in the SRRs flow in opposite senses (anti-symmetric). In other words, at both resonance frequencies, the two equivalent electric dipoles associated with the charges concentrated on the opposite sides of the gaps, will have opposite alignment, either parallel or anti-parallel, with respect to the pair of magnetic dipoles equivalent to the conduction currents in the SRRs. As a result, it appears that for a meta-dimer in this "near" configuration, in spite of the strong coupling that would facilitate the magnitude of the current of the parasitic element to be as large as that of the driven element, it would not be possible to simultaneously excite the pair of SRRs to have both electric and magnetic dipolar contributions to radiation approximately in anti-phase, as required for superdirectivity. Similar reasoning and conclusions could be applied to the dimer configuration referred to as "far" (see Fig. 1 (c)), where the coupling between the rings is dominated by the magnetic part. However, the near field interaction of two SRRs is generally controlled by both their electric and magnetic coupling, which can oppose or reinforce each other depending on the relative orientation of the SRRs. In this context, it would be difficult to solely rely on physical intuition for the selection of the dimer configuration most effective to achieve superdirectivity; therefore we aimed at developing an analytical model for the rapid and sufficiently accurate assessment of the radiation properties of dimers of coupled SRRs with arbitrary orientations, which is described in the next section.
Methods
Analytical model of a dimer of arbitrarily oriented SRRs. Our analytical model is based on combining the equivalent circuit description of the coupled resonators with closed-form expressions for the surface charge and current densities along a circular SRR and with the standard formulae for radiation of currents. Our coupled SRRs are analysed using their equivalent LCR circuit in Fig. 3 . This is a modification of the circuit model introduced in 34 for the type of feed adopted in this analysis, which consists of an ideal, either current or voltage, source connected across the split gap of one of the two SRRs. The electric and magnetic coupling between the resonators are modelled by introducing the mutual capacitance (K) and inductance (M), which account for the effect of retardation (see Section S2 of the Supplementary Information). The currents I 1 and I 2 in Fig. 3 represent the total currents circulating in the SRRs, including their displacement currents, which are independent of space, and coincide with the excitation coefficients of the array. Retardation is neglected at the level of the single resonator. I 0 is the current provided by the source (if the source is a current generator I 0 will be constant, while it will change according to the input impedance of the SRR dimer if a voltage source is considered; however, this is irrelevant for our analysis, where only the ratio of the excitation coefficients is of interest).
Assuming a harmonic time variation of the type exp(−iωt), the equivalent circuit in Fig. 3 can be solved for I 1 and I 2 as www.nature.com/scientificreports www.nature.com/scientificreports/
The derivation of these expressions is detailed in Section S2 of the Supplementary Information. Introducing the quantities 
E H the ratio of the total currents I 2 /I 1 that can be derived from (1) can be cast in the form
in accordance with the formula for the total coupling coefficient derived using Lagrange's equation of motion 36 and coupled mode theory 39, 41 .
To achieve superdirectivity, the ratio of the total currents in the SRRs I 2 /I 1 needs to be the same as the ratio of the excitation coefficients required for an array of two dipoles separated by the same distance d. In particular, for an array of two dipoles aligned along the x axis and with their dipole moments in the z direction, for maximization of the directivity θ ϕ D( , ) 0 0 in the two endfire directions ( 90 ) 0 θ =° the optimal excitation coefficients of a conventional superdirective dipole array I j opt , j = 1,2, can be found to be 14
As shown in 28 , by equating (6) to the ratio a a / 02 01 , an insightful relation can be established between requirements for superdirectivity and the coupling and quality factor of the constituent elements of a meta-dimer. In fact, from the expansion in Taylor series of the ratio of the excitation coefficients for small kd we have www.nature.com/scientificreports www.nature.com/scientificreports/ By comparing (6) with the first two terms of (9), we deduce that for two SRRs to behave as a superdirective array requires
Since due to retardation T κ can be in general a complex quantity, we can write
, and by equating the real and imaginary parts of (10), we deduce the following conditions for a real solution ω of (10) to exist
As far as kd is small and it can be assumed that Q 1 0  and 1 T κ ≤ , using the approximation
The residual value of the second of the conditions (12) is shown in dB scale in Fig. 4 against the magnitude and phase of the total coupling coefficient κ T when d = 0.15λ and Q 0 = 20. All regions of the map where the residual value is smaller than −10 dB correspond to coupling conditions substantially suitable for superdirectivity. At 90 T ϕ°κ  , coupling is lossy, as it could occur in an absorbing medium, and, not surprisingly, this condition is the most unfavourable for superdirectivity. From this map it can be further observed that requirements on the strength of κ T can be relaxed in comparison to the case when κ T is real (e.g., for "near" and "far" dimer configurations) provided that its phase can be suitably engineered by adjusting the relative position and orientations of the elements of the dimer. The equivalent circuit developed in this work enables the rapid assessment of the ratio of the currents in the SRR dimer and its congruency with the corresponding reference value for an ideal superdirective array of two dipoles (i.e. condition 12). However, the latter condition is necessary but not sufficient for superdirectivity, as discussed in the previous section and further clarified in the second part of this work. The numerical solution of the dimer equivalent circuit and the calculation of the SRR currents require the preliminary estimation of the parameters R,L,C, of a single SRR and of the coupling terms M,K characterizing the various dimer configurations; these steps are described in detail in Section S2 of the Supplementary Information.
Directivity of SRR meta-dimers. Now, the estimation of the SRR currents provided by the equivalent circuit presented in the preceding section is combined with radiation formulae, so as to form a completely analytical tool capable of rapidly predicting the directivity of a dimer formed by arbitrarily oriented elements. Once the total currents I 1 and I 2 , are known, the far-field radiated by the dimer can be calculated in standard spherical coordinates θ ϕ r ( , , ) as 42 
ikr In (15) ϕ I ( ) n is the normalized current tapering function of an SRR which as in 34 , based on the expressions of the electric field of an infinitely long conducting circular cylinder with an infinitesimal gap derived in 43 and then extended to a ring of finite size 44 
j n g j n gj j j , , ,
where ˆj ϕ are local azimuthal unit vectors; the SRR currents flow in the angular regions 2
2arcsin[ /(2 )] 0 , j = 1,2, corresponding to the angular arc of the gap g, and r 0 = r−w/2 being the radius of the filament current localized at the centre of the SRR cross section (cf. Fig. 1 ). From (14) and (15) the radiation intensity U can be calculated as according to the usual definition 42 On examining (18) together with (14) and (15), it can be noted that, as expected, calculation of directivity only requires the knowledge of the ratio of the total currents (i.e., of the excitation coefficients), which can be estimated through the equivalent circuit model, and the current tapering function.
Results
Mapping the directivity of SRR meta-dimers. The analytical model we have developed allows the rapid calculation of the directivity of our dimer, regardless of the orientation of its two SRRs, and can be used to create maps of the maximum possible directivity for all dimer configurations generated as the SRR orientations are varied. In our calculations the two identical SRRs have the following dimensions: D = 22 mm, g = 2 mm, w = 0.8 mm, h = 5 mm, and d = 27 mm. The resonance of this SRR in isolation is predicted to occur at ~1.96 GHz by simulation with CST Microwave Studio (MWS) 45 . The SRRs are positioned along the x axis with their centres at (±d/2,0,0). Only the SRR at (−d/2,0,0) is fed with an ideal voltage source connected at its gap, whose location is specified by the angle g ,1 ϕ (cf. Fig. 1 ). Before proceeding with studying the directivity of the dimer, it is interesting to preliminary assess how effective is the coupling mechanism between the SRRs due to slow magneto-and electro-inductive waves in producing the fast varying current distribution needed for superdirectivity. To this aim, Eq. (1) is used to calculate the ratio of the total currents in the SRRs for all possible orientations of the SRRs over a wide frequency range around the resonance of an isolated SRR element, specifically, the interval 1.7-2.1 GHz. These values are compared with the ratio of the ideal excitation coefficients (7) required for an array of two dipoles to exhibit superdirective radiation, in particular, in the backward and forward endfire directions θ ϕ =°=°90 , 180 and θ ϕ =°=°90 , 0, which in the following will be simply referred to as "backfire" and "endfire", as sketched in Fig. 5 . The minimum, over the considered frequency range, of the magnitude of the difference of these complex quantities is depicted in the maps of Fig. 5 against the angles ϕ g ,1 and ϕ g ,2 specifying the SRR orientations. The maps in Fig. 5(a,b) are almost complementary and predict that a large variety of SRR dimer configurations can accomplish, at some frequency in the neighbourhood of the resonance, the necessary phase relationship between the excitation coefficients to achieve superdirectivity in the backfire direction θ ϕ =°=°90 , 180 , while only a small subset of dimer arrangements can be properly excited to realize superdirectivity in the endfire direction 90 , 0 θ ϕ =°=°. However, as pointed out in the Discussion section, implementing the prescribed excitation is a necessary, but not sufficient www.nature.com/scientificreports www.nature.com/scientificreports/ condition for superdirectivity when the dimer constituent elements are SRRs rather than simple dipoles, and thus maps in Fig. 5 only provide limited guidance for the design.
Next, the directivity of the SRR dimer is studied by combining Eqs. (14) , (15) and (18), together with (1) to compute the maps shown in Fig. 6 . These results thus take into account both the tapering of the current density on the SRRs, and accordingly the dual electric and magnetic dipole mode contribution to radiation in action in each ring, and the specific ratio of currents arising in the SRRs as a result of their coupling, which is configuration dependent. In particular, the maps in Fig. 6 were created by finding the maximum directivity achieveable by the dimer in the backfire and endfire directions from 1.7 to 2.1 GHz for each combination of SRR orientations ϕ g ,1 and ϕ g ,2 ( )
. The space of dimer configurations is sampled varying the angles in steps of 6 g g 1 2
ϕ ϕ ∆ = ∆ =° for each element, which corresponds to a total of 61 × 61 = 3721 different arrays analysed. The map in Fig. 6(a) for backfire radiation, over which the contour lines corresponding to D = 4 are superimposed, shows a few local directivity maxima for ϕ ϕ π = =n g g ,1
, n = 0,1 (along with their periodic repetitions). These correspond to two, very similar, dimer configurations where the split gaps are both in the same direction www.nature.com/scientificreports www.nature.com/scientificreports/ along the array axis, as in two letters "C" side by side for ϕ ϕ = =0 g g ,1
,2 , or their mirror images for g g ,1
,2 ϕ ϕ π = = ; these latter are denoted henceforth as the "CC" configuration. The directivity maximum for these "CC" configurations predicted by the analytcal model is D max = 4.34, which is quite close to the theoretical maximum for an equivalent dipole array with the same spacing kd ( 1)  of 4.9. We also see enhanced directivity in the opposite endfire direction 90 , 0 θ ϕ =°=°, in Fig. 6(b) , along which however the largest directivity is only
. Since the driven resonator is always located at (−d/2,0,0), optimum superdirectivity is always obtained in a configuration where the parasitic element acts as a reflector 18 . Whilst we have focused on investigating the effect of SRR orientations on the dimer emission, assuming for simplicity identical elements, selecting different SRR radii along with different widths of the gaps would provide additional degree of freedom facilitating two equally important objectives: i) fine tuning of the magnetic and electric coupling to achieve a closer fulfillment of conditions for superdirectivity, and thus values of directivity tending to reach the theoretical maximum; ii) impedance matching to a practical feed structure. While addressing these points is beyond the scope of this work, the applicability of the model for non-identical SRRs is illustrated through the examples presented in Section S3 of the Supplementary Information. Furthermore, it is also noteworthy that mapping the dimer directivity by approximating each SRR as a uniform filament current loop, which in the far-field is simply equivalent to a magnetic dipole, would not provide any additional information about the actual radiation performance of the dimer with respect to the maps in Fig. 5 , because of the complete circular symmetry of the element pattern in the plane of the rings. In fact, under this simplifying assumption for the SRRs, maps of directivity would appear to be just complementary to maps in Fig. 5 , i.e. the closer the excitation coefficients are to the theoretical values for superdictivity (blue-shaded regions in Fig. 5) , the higher the directivity of the array would be estimated, as shown in Section S3 of the Supplementary Information.
The above results of the analytical model, taking advantage of incorporating a realistic tapering of the current density on the resonant SRRs both to predict the inter-element coupling and their combined radiation properties, are consistent with FW simulations and experiments. These results all confirm that only the "CC" configuration for dimers made of coupled SRRs leads to superdirectivity, as previously briefly reported in 27 and illustrated in detail in the next section. It is noteworthy that from a physical standpoint this finding appears justified based on the observation that the "CC" meta-dimer is the only one providing simultaneous, approximately in anti-phase, excitation of both the in-plane electric and out-of-plane magnetic dipole responses of each of the SRRs forming the dimer, in full consistency with superdirectivity requirements. numerical and experimental validation. FW simulations with CST MWS and experiments have been carried out to validate the results of the analytical model and assess the radiation performance of coupled SRR dimers at variable separation between the elements and for elements of different sizes. Results providing evidence of the superdirective properties of the "CC" arrangement are reported in the following.
Firstly, the directivity obtained analytically is compared with results of FW simulations. In the simulations, as well as in the experiments, the "CC" dimer is fed by a small magnetic loop probe placed vertically at the centre point of one of the SRR elements. The constituent SRR elements have dimensions D = 22 mm, g = 2 mm, g = 5 mm, w = 0.8 mm, and d = 27 mm. Figure 7 shows the directivity as a function of frequency in the backfire and endfire directions, 90 , 180 θ ϕ =°=° and 90 , 0 θ ϕ =°=°, respectively. As apparent, the analytical model is consistent with simulations and reproduces very well the trend of directivity in both considered directions of radiation, there being only a <2% shift of frequency between the analytical and simulated peaks of directivity. Moreover, the maximum value of backfire directivity achieved by the dimer according to FW simulations is D max = 4.52  . f ( 1 94 GHz), which is very close to the analytical estimation, D max = 4.34 f ( 1 97 GHz)  .
. The 3D directivity pattern of the dimer simulated at the frequency of maximum directivity, shown in the inset on top of Fig. 7 , confirms the unidirectional pencil beam radiation of the dimer, with a substantially symmetric angular distribution of the radiated power around the backfire direction.
Next, the experimental data are presented. The measurement setup is shown in Fig. 8 . The measurements have been performed in an anechoic chamber where the radiated field spectrum has been evaluated over a complete sweep of the azimuthal angle. The SRRs forming the dimer were glued onto separate slabs of balsa wood placed in turn on top of two ABS stands, one of which was attached to a precision positioning stage providing adjustable inter-element spacing. The test fixture was mounted on a motorized rotating platform with its centre aligned with the rotating axis of the platform. For convenience of operation and improved visualization of measured data, the field was recorded starting from ϕ =°90 . The dimer with its small magnetic loop feed functioned as the transmitting antenna. A vector network analyser (VNA) drove the feeding magnetic loop probe and the receiving antenna (logperiodic), positioned at large enough distance from the dimer to ensure far-field conditions. The VNA measured the transmission coefficient s 21 between the two antennas for each frequency and angle under computer control. The background transmission in the absence of the SRR dimer was always measured first and then subtracted from the measurement of the field transmitted by the complete antenna.
The map of the far-field measured from the dimer, normalized to its maximum value, is shown in Fig. 9 as a function of frequency and of the transmission/observation angle φ, in comparison with the corresponding FW simulation results by CST MWS. It is noted that measured and simulated field values are in reasonable agreement and show very similar frequency and angular dependencies, apart from a downward shift of frequency in the measured transmitted field, possibly due to the influence of the test fixture, in particular, the wooden slab on top of which the SRRs are placed, whose permittivity is estimated to be ε . 1 3 r  . Both measurements and simulations desmonstrate that there are two peaks in the far-field map, which occur at frequencies that are slightly shifted downwards and upwards with respect to the antisymmetric resonance frequency of the coupled SRRs. One peak corresponds to the endfire direction where the parasitic SRR acts as a director ϕ =°°( 360 /0 ), and the other to the www.nature.com/scientificreports www.nature.com/scientificreports/ backfire direction for which the parasitic SRR element acts as a reflector ( 180 ) ϕ =°. The comparison between measurements and simulations of the dimer radiation is presented in more detail in Fig. 10 . In Fig. 10(a) the magnitude of the measured and simulated transmitted field, normalized with respect to their respective maximum values (at ϕ =°180 ), in the directions ϕ =°180 and ϕ =°0 are plotted against the normalized frequency f n = f/f 0 , where f 0 denotes the frequency at which the peak of E f ( ; 180 ) ϕ =° occurs; this comparison further highlights the similar trends of simulated and measured data. A few points are marked on the curves of Fig. 10(a) , corresponding to the frequency points identified by the conditions Figure 9 . Maps of the magnitude of far-field radiation of the coupled SRR dimer in the "CC" configuration against frequency and the angle of observation φ in the plane of the dimer (cf. Fig. 8 Fig. 1 and inset in Fig. 8 ). (b) Simulated and (c) measured radiation patterns at the different frequencies (19) marked in graph (a). The downward frequency shift of the measured field is seemingly due to the influence of the wooden slab ( 13) r  ε . on top of which the SRRs are placed in the test fixture.
concluding remarks. The potential for a dimer of coupled self-resonant SRRs to function as an electrically small superdirective antenna array has been investigated analytically, by simulations, and experiments. To support physical understanding, a theoretical model for the rapid computation of radiative properties for electrically small dimers of coupled SRRs with a single driven element was derived. This model was vital for identifying those dimer configurations (SRR orientations realtive to their line of centres) that produce superdirective emission. The model is quite generally applicable to consider dimers formed from SRRs of arbitrary size and operation at any frequency.
In particular, a key finding of this work is having reported that superdirectivity can occur only when the dimer is in the "CC" configuration, and having justified this result in physical terms based on the fact that only in this case both the in-plane electric and out-of-plane magnetic dipoles associated to each of the SRRs forming the dimer can be consistently driven to be almost in anti-phase as per requirements of superdirective arrays. The method is easily modified to study coupled resonators of any shape if numerical values are used for the current and charge distributions of a single element rather than relying on an analytical approximation for them. Furthermore, our approach can simplify the design of superdirective SRR arrays for a huge frequency range, possibly up to THz frequencies, where the model can be easily extended by incorporating in the equivalent circuit the kinetic inductance of the resonators and the additional loss effect due to boundary scattering (see 34 and references therein).
Simulations and proof-of-principle experiments have been performed to validate the prediction of the new analytical model. Both numerical and experimental results have confirmed the potential for superdirective radiation of coupled SRR dimers. We have shown that the electrically small singly fed SRR dimer, where coupling provides the desired rapidly varying current distribution, exhibits endfire superdirectivity within < ~0.3 dB of the maximum theoretical equivalent dipole array value. The path is now open towards designing superdirective meta-arrays with a greater number of resonators and employing the dimer as the constituent element of larger highly directive linear and planar arrays with conventional feeding networks.
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